Dimensionless dropping shock dynamic equations of suspension nonlinear packaging system with critical components were obtained. The numerical results of shock response were gained using Runge-Kutta method. To evaluate the dropping shock characteristics of critical components, the dropping damage boundary curve was established, where the system parameter and the dimensionless shock velocity were selected as two coordinate parameters. Then, the frequency ratio and the system damping ratio were taken as third basic parameters of the dropping damage boundary surface, respectively. To study dynamic properties of the suspension system with critical components, the shock response acceleration, shock response displacements, and dropping damage boundary were analyzed. Based on the numerical results, the effects of the relevant parameters on dropping shock response and damage boundary of critical component were investigated. It is demonstrated that both a higher frequency ratio and a system damping ratio in the specific range can exert a positive effect on the product protection and should be selected in design process of the suspension system. Furthermore, with the decrease of suspension angle, the acceleration response peak decreases, the displacement response peak increases, and the safety zone enlarges.
Introduction
The concept of the product fragility is the foundation for dynamics of packaging cushioning [1] . But the value of the fragility cannot be obtained exactly and a valid damage evaluation method needs to be found. According to extensive investigation, both shock and vibration are main dynamic factors of damage for the product in the transportation. For evaluating the damage potential of impacts to a product, the two-dimensional damage boundary concept was suggested [2] . However, this concept was assumed that the cushion pad was not only linear elastic material but also thick enough; furthermore, only when the maximum acceleration response value exceeded the product fragility can the product be damaged. Thus, this theory may be limited in the practical application. Then, some researchers presented the subsequent improved damage evaluation methods, that is, fatigue damage boundary concept [3, 4] and displacement damage boundary concept [5] . Because dropping shock is one of the main factors that cause the mechanical damage of most packaged products potentially in the transportation, the numerical results of a nonlinear cushioning system were derived by applying Runge-Kutta method and the dropping damage boundary concept of the packaged article was proposed [6] , but no research has been conducted on whether the drop equivalent test is still suitable for nonlinear system. Then, some researchers improved the accuracy of a nonlinear system drop test [7, 8] . For taking into consideration the damage of cumulative fatigue, the repetitive-shock-induced damage of the product was analyzed by conducting drop tests [9] .
For the Runge-Kutta method that is used to solve nonlinear system problem, one advantage of this Runge-Kutta method is high calculation accuracy, but this numerical approach cannot present this relationship of relevant parameters clearly. To make the relationship clear in the relevant expressions of nonlinear dynamic models, variational iteration method (VIM) was used to obtain the dropping shock properties of nonlinear packaging systems [10] [11] [12] .
Shock and Vibration
Note that the research objects that were mentioned above were treated as a single degree of freedom system. In fact, the products include many critical parts and should be regarded as multidegree of freedom system and nonlinear system by nature. Therefore, some researchers investigated the dropping damage evaluation of the typical material nonlinear packaging system with two degrees of freedom [13] [14] [15] [16] , which enriches the dropping damage boundary theory of products. Note that the aforesaid material nonlinear packaging system is just one of the cushioning packaging systems, and geometric nonlinear systems are also indispensable in product protection. Furthermore, the geometric nonlinear systems show excellent cushioning properties and should be further researched. Thus, some authors researched the shock characteristics of titled support spring geometric nonlinear system with critical components [17, 18] .
The suspension system usually shows distinguished properties against shock and vibration and was devoted to protecting electronic product by some authors [19] . However, the fragile components were connected to the base through a spring. To further study the suspension system, the model of suspension system with eight springs as cushioning components was established, and the dynamic properties of the suspension system have been given insights into by some researchers, such as nature vibration [20] , the shock response, and damage evaluation properties under classical pulse excitation [21, 22] . To show the relationship of correlation parameters of the suspension system clearly, several authors obtained the first-order approximate solution of system by applying the VIM and analyzed the effects of the relevant system parameters on the dropping damage boundary of suspension system [23, 24] . However, those aforementioned studies mainly focus on one-degree-of-freedom suspension system, and it has no research on the dynamic characteristics of two-degree-of-freedom suspension systems with critical components, especially on the dropping shock characteristics of the system.
In this paper, the dimensionless nonlinear dynamic equations of two-degree-of-freedom suspension system with critical components were established. The numerical results of this dimensionless dynamic equations were derived by applying the fourth-order Runge-Kutta method. To evaluate the dropping shock response and potential damage of critical components, the effects of the suspension angle, the frequency ratio, and the damping ratios on shock response and dropping damage boundary of critical components were discussed.
Modeling and Dimensionless Equations
The two-degree-of-freedom model of the suspension system is derived in Figure 1(a) . The main body of the product is suspended in the center of container ADGH-A D G H by eight springs, that is, four springs on the top and the rest on the bottom. 1 and 2 denote the mass of critical components and main body; 1 and denote stiffness coefficient of the junction linking critical components to main part and the suspension system; 1 and 2 are the damping coefficient of the junction linking critical components to main part and the suspension system; 0 is the suspension angle; 0 is the original length of suspension spring, respectively.
To evaluate the dropping shock dynamic characteristics of critical components, it is assumed that the system falls from the height . The static equilibrium positions of main part and critical components are selected as the origins, and the downward direction is defined as plus direction. The stress analysis diagram of critical components and the main part can be derived from Figure 1(b) , where is the force of suspension springs acting on main body in vertical direction. The motion of critical components can be obtained as
Based on the equations of suspension system with one degree of freedom [21] [22] [23] [24] , the expression of the force can be expressed as follows:
According to the stress analysis diagram of main body (see Figure 1 (b)) and expression (2), the equation of main body can be shown as follows:
where 0 = sin (3), the motion of the suspension system with critical components can be governed by
Let the initial conditions of the displacements and the velocity be
To simplify these equations, dimensionless variables can be introduced as follows: the dimensionless displacements of critical components and main part are dropping shock dynamic equations for the suspension system can be got as follows:
And the initial conditions for dynamic equations may be expressed as
are the dimensionless response velocities of critical components and main part, respectively;
2 are the dimensionless response acceleration of critical components and main part; 1 = 1 /2√ 1 1 is the damping ratio between critical components and main part; 2 = 2 /2√8 2 is the damping ratio of the suspension system; 1 = 1 / 2 is the system mass ratio; 2 = 1 / 2 is the suspension system frequency ratio, separately.
Dimensionless Displacement Response
According to (6) , the numerical analysis was obtained by using the fourth-order Runge-Kutta method, and the dropping shock response characteristics of critical components were studied. Figure 2 (a) depicts the displacement response of critical components with different frequency ratios, when the suspension angle 0 = 60 ∘ , the mass ratio 1 = 0.05, the damping ratios 1 = 2 = 0.1, and dimensionless shock velocity = 0.3.
The Influence of Frequency Ratio.

The Influence of System Damping Ratio. Figure 2(b)
shows the displacement response of critical components with different damping ratios 2 , based on the suspension angle 0 = 60 ∘ , the mass ratio 1 = 0.05, the damping ratio 1 = 0.1, the frequency ratio 2 = 5, and dimensionless shock velocity = 0.3.
The Influence of Damping Ratio between the Critical Components and the Body.
The displacement response of critical components with different damping ratios 1 is revealed in Figure 2 (c), when the suspension angle 0 = 60 ∘ , the mass ratio 1 = 0.05, the damping ratio 2 = 0.1, the frequency ratio 2 = 5, and dimensionless shock velocity = 0.3. Figure 2(d) illustrates the displacement response of critical components with different suspension angles, when the mass ratio 1 = 0.05, the damping ratio 1 = 2 = 0.1, the frequency ratio 2 = 5, and dimensionless shock velocity = 0.3.
The Influence of Suspension Angle.
The Influence of Dimensionless Shock Velocity. Figure 2(e)
illustrates the displacement response of critical components with different dimensionless shock velocities, when the suspension angle 0 = 60 ∘ , the damping ratio 1 = 2 = 0.1, the mass ratio 1 = 0.05, and the frequency ratio 2 = 5. Figure 3(b) shows the acceleration response of critical components with different damping ratios 2 , when we set the suspension angle 0 = 60 ∘ , the mass ratio 1 = 0.05, the damping ratio 1 = 0.1, the frequency ratio 2 = 5 and dimensionless shock velocity = 0.3.
Dimensionless Acceleration Response
The Influence of Frequency Ratio.
The Influence of System Damping Ratio.
The Influence of Damping Ratio between the Critical Components and the Body. Figure 3(c) conveys the acceleration response of critical components with different damping ratios
1 , when we choose the suspension angle 0 = 60 ∘ , the mass ratio 1 = 0.05, the damping ratio 2 = 0.05, the frequency ratio 2 = 5, and dimensionless shock velocity = 0.3. Figure 3(d) illustrates the acceleration response of critical components with different suspension angles, based on the mass ratio 1 = 0.05, the damping ratio 1 = 2 = 0.1, the frequency ratio 2 = 5, and dimensionless shock velocity = 0.3. 
The Influence of Suspension Angle.
The Influence of Dimensionless Shock Velocity.
Dropping Damage Evaluation
The concept of dropping damage boundary curve was presented [6] , based on which the dropping damage boundary curve of the suspension system with two degrees of freedom can be derived. The Runge-Kutta method can be used to solve the nonlinear equations (6); then the dimensionless maximum acceleration 1 can be derived. Set as the fragility of the critical components, and the critical components are destroyed, if the maximum response acceleration meets the requirements:̈1
where is gravity acceleration. Let
where the system parameter = 0 / 2 = 8 0 / 2 . The relational expression can be also written as
According to (6) , the dimensionless maximum acceleration 1 is related to the suspension angle, the frequency ratio, the damping ratios 1 and 2 , and the dimensionless shock velocity. Integrating the dimensionless maximum acceleration 1 with (10), the dropping damage boundary curves were established, the two coordinate parameters of which are composed of the dimensionless dropping shock velocity and the system parameter .
The Influence of Frequency Ratio.
The dropping damage boundary curves of critical components are shown in Figure 4 . Next, the frequency ratio 2 is set as third coordinate parameter; the dropping damage boundary surfaces of critical components are derived in Figure 5 .
The Influence of System Damping Ratio.
The dropping damage boundary curves of critical components are shown in Figure 6 . Then, we choose the damping ratio 2 as third coordinate parameter, and the dropping damage boundary surfaces of critical components are derived in Figure 7 .
The Influence of Damping Ratio between the Critical
Components and the Main Body. To discuss the influence of damping ratio between the critical components and the main body, the dropping damage boundary curves of critical components are shown in Figure 8 . Selecting the frequency ratio as third coordinate parameter, and the dropping damage boundary surfaces of critical components are graphed in Figure 9 .
The Influence of Suspension
Angle. The dropping damage boundary curves of critical components are shown in Figure 10 . Consider the frequency ratio as third coordinate parameter, and the dropping damage boundary surfaces of critical components are presented in Figure 11 . Figures 2(a), 3(a) , 4, and 5 show that the dynamic characteristics of critical components are sensitive to the frequency ratio, and increasing the frequency ratio can decrease the displacement response peak (Figure 2(a) ). Furthermore, a small value of frequency ratio ( 2 < 5) can generate fluctuation of the maximum acceleration response values and the safety zone, where the critical components is more easily damaged. Correspondingly, a high frequency ratio value ( 2 > 5) can reduce the maximum acceleration response values and enlarge safety zone obviously (Figures 3(a) , 4, and 5). In summary, the high frequency ratio value ( 2 > 5) can improve the protection performance of the product. Figures 2(b), 3(b) , 6, and 7, we observed that the suspension system damping ratio is another sensitive parameter of dynamic characteristics for critical components, and the displacement response peak decreases along with the increase of system damping ratio (Figure 2(b) ). For the acceleration response peak and the safety zone of critical components, there exists the best damping ratio ( 2 = 0.1). That is, when the system damping ratio 2 = 0.1, the acceleration response peak reaches the minimum value (Figure 3(b) ) and the safety zone reaches the maximum value ( Figure 6 ). Further research showed that the precise value of the best damping ratio varies depending on the frequency ratio ( Figure 7) . Thus, when the values of relevant parameters are uncertain, we cannot get the exact value of the best damping ratio. To summarize, it is not a wise choice to increase the system damping ratio value as far as possible in the design procedure of cushioning packaging, and the system damping ratios in the specific range can exert a positive effect on the product protection.
Discussion
The Influences of the Frequency Ratio.
The Influences of the System Damping Ratio 2 . According to
The Influences of the Damping Ratio 1 between Critical
Components and Main Body. From Figures 2(c) , 3(c), 8, and 9, we found that the influence of damping ratio 1 on the response peak of displacement is not noticeable (Figure 2(c) ).
On the contrary, it is obvious that increasing the damping ratio can decrease the response peak of acceleration and enlarge safety zone. However, when damping ratio 1 > 0.3, the change of acceleration response peak is not significant with the damping ratio 1 increasing (Figures 3(c) , 8, and 9). Hence, the protection performance of the suspension system should be improved by increasing the damping ratio 1 suitably.
The Influences of the Suspension Angle.
On the basis of the numerical results of Figures 2(d) , 3(d), 10, and 11, it is demonstrated that decreasing suspension angle can reduce the acceleration response peak and enlarge the safety area ( Figures  3(c) , 10, and 11). However, note that decreasing the suspension angle can also increase the displacement response peak and expend the response period (Figure 2(d) ), and the increase of displacement response peak may exceed the maximum deformation of the suspension spring. In summary, within the maximum compression range of the suspension springs, the decrease in the suspension angle can benefit the product protection. The results indicate that the geometrical nonlinearity system performs better than the linear system ( 0 = 90 ∘ ) on buffering performance.
The Influences of the Dimensionless Shock Velocity.
It is shown in Figures 2(e) and 3(e) that the system acceleration and displacement responses increase and the period is expended closely along with an augment of dimensionless velocity. Surprisingly, we found that (7) can reveal the relationship between the dimensionless shock velocity and relevant parameters clearly. By the analysis of the equation = √2 2 /8 2 0 , we can decrease the dimensionless response velocity through increasing the original length of the suspension springs, increasing the stiffness coefficient of the suspension springs and/or decreasing the dropping height.
The results indicate that the dropping shock velocity should be reduced as much as possible by changing the value of relevant parameters in the product protection. For the real suspension packaging system, the simplified models were established by some authors [20] [21] [22] [23] [24] . To improve the present models, this paper took the critical component into account and derived the two-degree-offreedom system. The new models of suspension system contain eight inclined linear springs, and (2) reveals that the relation between the resilience and the distortion presents nonlinear property, that is, geometric nonlinearity. However, the models of suspension packaging system will be more realistic to include nonlinear constitutive relations for the spring and damper and need to be further studied. Even so, the results provide us with a good reference to design the real suspension packaging system.
Conclusion
The aim of this paper is to derive the governing equations of two-degree-of-freedom suspension system and discuss the influences of the frequency ratio, the system damping ratio, the suspension angle, and the damping ratio between critical components and the product on dynamic characteristics of this system. Summing up the results, it is shown that the dynamic characteristics of the suspension system are sensitive to the frequency ratio, the system damping ratio, and the suspension angle. First, when the values of frequency ratio are more than five, the maximum shock response value can reduce and the safety zone can enlarge obviously. Next, it is shown that when a system damping ratio value falls in a specific range, the performance in the product protection can be improved remarkably. Furthermore, compared with linear system, a low suspension angle can benefit the product protection relatively. The results can provide a guideline for the design process of the suspension packaging system.
